CLASS EXERCISE 1

A sequence of sets { A, } is said to be increasiug to the set A (A, [ A) if
A1 € A3 C Ag € .., and A= )7 As.

A sequence of sets {A,} is said to be decreasing to the set A (A, | A) if
A1 DA DAz D ..., and A=) An.

(a) Let P be a probability measwre on a ag-algebra /. Show that P is continuons
if A, T A, then P(A4,) — P(A4). Conclude for 4, | A.

(b) Let P be a probability measure on a c-algebra F, which is additive, but not
necessarily o-additive (That is, P(#A,,) = > P(A,) only for a finite number
of disjoint sets A,). In addition. Assume that if A, is a decreasing sequence of
sets such that A, | 0. then lim, .~ P(A,) = 0. Prove that P is a o-additive
probability measure.

Let (2, F, £2) be a probability space and 4;. As. ... € F an arbitrary sequence of events.

Prove the following:

(a) P(Uj,:l A;) < Z:'—_;I P(A;) (Anite number of sets)

(b) P(UZ, 4) <322, P(A;) (countable number of sets)

Let &z = (0.z1 22 23 ...)1p be the decimal representation of x € [0, 1).

show that the set

A = {xel0,1): 7 appears infinitely many times in the decimal representation of «!

L PI 1

is a Borel set.
Let 2 = R and define F = {4 C R: A or A° is countable }

(a) Is F a g-algebra?
(b) Define a function P on F as [ollows:
For each A € F, P(A) = 0if A is countable. P(A) =1 if AY is conntable.

Is P a probability measure?

. Let Fj be an increasing sequence (/7 € Fy € ...) of o-algebras and debine F = [} ™ T

(a) Is I' an algebra?

(b) Is F a o-algebra?
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CLASS EXERCISE 2

. Let (0.z1,Z2,...)10 be the decimal representation of a number = € [0,1). Prove that
the set A = {z € [0,1) : limy,_,o0 T} is a Borel set.

. Characterize the random variables on the following o-algebras:

(a) F ={Q,0}
(b) =R, F={ACR: z€ A<« —z € A} (symmetrical sets in R)

. Let X,Y be random variables. show that X+Y is also a random variable.

. Let (2, F,P) be a probability space, where (2 is the boundary of the unit square (the
square which vertices are (0,0), (0,1),(1,1),(1,0)), F the class of all Borel subsets of
2, and P the probability measure on §2 defined according to the Lebesgue measure.
What is the probability that the z-coordinate of a point would be smaller than some
value z?

. Let Q be a square in R? with area 1, and let  be the set of all points whose distance
from Q (that is, the distance to the closest point in Q) is at most 1. Let F be the class
of all Borel subsets of (2, and P the probability measure on Q2 defined according to the
Lebesgue measure. Consider the probability space ({2, F,P). What is the probability
that the distance between a point and the square Q is at most d?

. Let A={A CR | A is Lebesgue measurable }. Show that A is a o-algebra.
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CLASS EXERCISE 3

1. (€ = [0,1],B[0,1],P = Lebesgue measure) a probability space.

i w 0<w<1/2
@=11 12<w<1

ur

Find Fx, the cdf of X.

2. Let
0 Tz <0
0.1+ = D<o 12
Fx(z) = » /
alz—1)*+b 1/2<z<1
1 G = |

(a) Find a,b given that P(X = 1/2) = 1/4, and that the set of atoms of X is
contained in (—o0,1/2].

(b) Does F have density?
3. Let F be the d.f. of some random variable X, and & : 0 < a < 0.
Define Fy(z) = (F(x))“.
(a) Is Fo(z) a d.f. (of some r.v. X,)?
(b) Does A,, the set of atoms of F,, equal A;, the set of atoms of F?
(c) Is it true that P(X € A1) = P(X, € An)?
4. Remark:

If Va € R Fx(a) = Fy(a) it does not necessarily say that X =Y. Examples:
(€2 = [0,1],B([0, 1]),P = Lebesgue measure).

(a)
(b)

X(w) = w 0<w<1/2
Tl d-w 1/25w<1



(c)
w+i 0<w<1/2
X(w) = f /

5. Find the distribution function and density if it exists of the r.v. Y, when
Y = X2, X ~ U(-3,2).
6. Let X be a r.v. with distribution function F.
(a) Show that if F is continuous and strictly increasing then the random variable
Y = F(X) (that is Y(w) = F(X(w))) is distributed uniformly on (0,1).
(b) Is this result still true when F is continuous but not strictly increasing?

(c) Show that if F' is not continuous then the distribution of Y is not uniform.
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CLASS EXERCISE 4

Let X be a r.v. with distribution function F.

{a) Show that if I' is continuous and strictly increasing then the random variable
Y = F(X) (that is Y{w) = F(X(w))) is distributed uniformly on (0,1).

(b) Is this result still true when F' is continuous but not strictly increasing?

(c) Show that if /' is not continuous then the distribution of Y is not uniform.
Find the distribution of ¥ in the following cases:

(a) X ~exp(A),Y =—InX
(b) X ~U(0,1),Y =—InX
() X' =UU{—32,Y = X*

For a > 0 let

kre ™ x>0
0 x <0

For which value of & the function f may be a density function?

A non-negative continuous random variable is said to be memoryless if -
Vt,8>0, P(X >t+s| X >t)=P(X > s).
Prove a continuous X > 0 (with P(X > 0) > 0) is memoryless iff X ~ exp(A).

A man is standing on the point (1,0) in the plane, throwing a ball towards the y axes.
The angle between the direction of the ball and the x axes is a random variable o
whose distribution is uniform on the interval (—%,%). Let Y be the y-coordinate of
the hitting point of the ball on the v axes. Find Fy, the distribution function of Y,

and its density, if it exists.
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CLASS EXERCISE 5

. Find the expectation of a random variable with the following distribution function:

(0 z <0
x 0<z<1/2
F(:r:)zﬁ 0.5 l/12<se<1
3/2-1/z 1<z<2
st =2

Use two different methods.
. compute E(Y') in the following cases:

(8) X ~ezp(A), Y = e™X.
(b) X ~N{(0,1), Y = X"

. Let g(a) = E((X — a)?), X some 1.v. 8.t. E(X?) < co.
Show that the minimum of g{a) is reached at a = E(X).

. Part of a question from Professor Tsirelson’s exam (01/07/02):
Let X be an integrable r.v. and define

U(t) = E|X — ¢
Prove that for every s < t,
Uit)-U
2x(s) ~ 15 L9 < opm) -1

hints:
(*) 2Fx(t7) -1 =P(X <t)—P(X 2t), 2Fx(s)—1=P(X <s)— P(X > s)
(*) Think of the function g(z) = E=4=le=s|

t—a
. You always complain that when arriving to a line you have an extreme bad luck,
and have to wait for an exceptionally long time. Denote by Xy your waiting time at
some line. Denote by Xi, Xa,... the waiting times of other people at the same line,
and suppose Xp, X, ... are independent and identically distributed, with continuous
distribution,
You would like to find a measure for your bad luck, therefore want to know how long
it will take before another person waits more than you. How long do you expect it
will take? Are you really that unlucky?
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CLASS EXERCISE 6

. Prove that if X is a r.v. bounded between a and b (that is P(ea < X < b) = 1)

then Var(X) < gb;:_)_?-_. Is this a tight bound? (Can you find a < X < b with
Var(X) = &2 7).

. Y > 0 a random variable. Prove:

oo
E(Y)<oo® > P(Y >n)<oo
r={}

Let Y ~ ezp(l), X = min(Y,1).

(a) Compute the distribution function of X and its density, if it exists.

(b) Compute the moments generating function of X.

. You always complain that when arriving to a line you have an extreme bad luck,

and have Lo wail for an exceplionally long Lime. Denote by X5 your wailing time al
some line. Denote by X, Xo,... the waiting times of other people at the same line,
and suppose Xj, X, ... are independent and identically distributed, with continuous
distribution.

You would like to find a measure for your bad luck, therefore want to know how long
it will take before another person waits more than you. How long do you expect it

will take? Are you really thal unlucky?

The daily requirement for cakes in a bakery is a random variable D with d.f. F'. The
cost of one cake is ¢, and its price is p (¢ < p). The baker should decide what is the
optimal number of cakes to bake every day, considering that cakes that are not sold
during the day should be thrown away al the end ol the day.

Let C(y) be the daily profit if vy cakes were baked. So -

D=cy D<
C(y):{p Yy Y
py—cy D>y

Assumne that D is continuons, and express F(C(y)) as a function of y Show thal

the optimal quantity to bake (gives maximum expected profit) is the solution to the

equation F(y) = | P
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CLASS EXERCISE 7

\/ 1. A point X is chosen randomly in the interval (0,1). Let U be the length of the shorter
interval between (0, X) and (X, 1), V the length of the longer. Find Fy v .

\/ 2. Are the following assertions true:

Yo/ (a) If X or Y have no atoms then (X,Y) has no atoms.
i (b)) If (X,Y) has no atoms then X and Y have no atoms.
Pyal wie 3

R, 0 3k c(l-z—-y) z>0y>0,z+y<1
o 2:’ -
5o D fxy(z,v) {0 s

Is the 2-dimensional density of a random vector (X,Y).

J (a) Find the constant c.
(b) Find the marginal densities fx and fy.
J(¢) Find P(X < Y/2),P(X <Y).
(d) Compute E(XY),E(X +Y).
4. X,Y random variables with joint density f(z,y) = 1(9,1)x(0,1)(®,%). Let Z = XY
(a) Compute E(Z).
(b) Find the density of Z.

5. Let fxy be a 2-dimensional density and assume fxy is continuous at the point
(o, y0). Prove -

i
fx,Y(Io,yo)=li_lg4-;3P(=vo—-€SXS-'Eo+6,yo—€ <Y<w+e
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CLASS EXERCISE 8

P
Oty
. Let X, X>,... be i.i.d random variables distributed U (0, 1).

(a) Prove that P(X; < Xa2< Xa<z) = %"

(b) Are the r.v. Y = max(Xj,...,Xjo) and the event A = {X; < X2 < ... < Xjp}
independent?

(a) Y ~ exp(u), X ~ exp()) independent r.v’s. Find P(X < Y).

(b) Xi,...X, independent, X; ~ exp(Ai), T = minj<i<n(X;). Find the distribution
of T

(c) Forn =2, let I be s.t. X; =T (the index of the minimum).
Prove that T, I are independent.

. Let Aj, Ag,... be a sequence of events, {c,} a sequence of real numbers s.t.
limp 00 €n = 00. Define X, = cyll4,,.
Find necessary and sufficient conditions for X,, — 0 almost surely and in probability.

. X1,Xa,... ii.d random variables, Y, = [[r_; Xx.
Does F|X;| < 1 imply that Y;, — 0 a.s7

. Xi,X5,...1.i.d random variables.
If E(X;) < oo, what can we say about P({ﬂ — 0)?

. Prove that if X,, converges to X in probability, then there is a subsequence X, that
converges to X almost surely.
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