ALGORITHMS IN ACTION - FFT

BASED ON LECTURES BY URI ZWICK AND HAIM KAPLAN

1. DISCRETE FOURIER TRANSFORM
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Where w, is the n-th root of unity. For example, on n =4
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1.1. DFT as polynomial evaluation. We can look at the DFT as an evaluation of a polyno-

mial with coefficients zg, 1, ..., 2, at the points 1, w,w?, w”!. If we denote this polynomial as
X then:
n—1
X(z)= Z 2 =z Tzt + 12"t
k=0
and we can write the values y; as
n—1
y; = walkxk =X (wln“)
k=0

2. FAST FOURIER TRANSFORM

The naive computation of the DFT required © (n?) time. We will show an algorithm (FFT)
which computes the DFT in © (nlogn) time. We will assume that n = 2.

Lemma 1. If x = (z9,21,...,Zn-1) € R" , y = (Yo, ¥1,---,Yn—1) € C" and y = DFT (z), then
Yn—j =Y *j, forj=1,.,n—-1
Proof. By definition,

n—1
Y= Z kaﬁf
k=0
n—1
h—j = Zka,(l"_j)k Zka jk k = Zxk wjk <Z$koﬂk> = ;
k=0
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where x is due to the fact that w” = 1 and that for all z such that |z| = 1, 2* = 27! ]

2.1. Decomposing the DFT. It’s possible to compute the DF'T of an even size n by computing
two DFT’s of size . Defining z(g) = (zo0,22,...,%n—2) and x(1y = (z1,23,...,T,—1) as the even
and odd parts of . We can create the polynomials

n/a—1 n/2—1

n—1
X (2) = Z x;z Xy (2) = Z T2 X (2) = Z Tojy12)
j=0 j=0 j=0

and thus, the value of this polynomial is equal to

X (2) = X0 (+%) + 2Xq) (+7)
Since we need to evaluate X (z) at the points w®,wl, ... wi=!

and X (1) (2) at wd, w32, ... ,wi(

, we will want to evaluate X () ()

and as a result we only need to calculate DFT (x(o)) and DFT (x(l)), use each number twice
and multiply the values of DFT (x(l)) by the appropriate powers of w,. Thus, we arrive at the
following algorithm:

Algorithm 1 FFT(zg,21,...,2p-1)

1: if n=2 then

2 return (xg + 1,20 — 1)

3: end if

4: (ag,ai1,...,0p/9-1 < FFT(zg,22,...,2,_2)
5: (bo, bi,..., bn/2—1 — FFT(Z‘l, x3,... ,LEn_l)
6: for j < 0ton/2—1do

7 Yj < aj + wﬁ;bj

8 Ynja4j < a5 —wpb;

9: end for
10: return (Yo, Y1, .-, Yn—1)

2.2. Complexity analysis of the FFT. Denoting the cost of an FFT of size n as T (n) we
can easily see that

T (n) = 2T (%) +O(n)

and as a result, T' (n) = O (nlogn). Defining A (n)as the number of additions/subtractions in a
FFT of size n, and M (n)as the number of multiplications in a FFT of size n, we have that:

A(2)=2 M(2)=0
An)=2An/2)+n M(n)=2M (n/2)+n/2
A(m)=nlogyn M (n) = 3logy 3

2.3. Circuit for FFT. A major reason for the FFT algorithm is at which one can create a
circuit which performs it. An example circuit is:

In this example, w is known as the “twiddle factor” and another name for the whole diagram
is a butterfly.

—1 . —
"~ These n points are exactly Wy 19 Wy 195+ - - ,wz/zl,wg/z,wrll/w .

n—1
7wn/2
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FIGURE 2.1. An FFT ciruit of size 2

3. THE INVERSE DFT

The inverse of the DFT is very similar to the DFT:

Zo Yo
x 1 : Y1
n wyI* :

Tn—1 Yn—1

3.1. Proof of the inverse. Recalling that if C' = AB then ¢; = Z?:_Ol a;,1by ;. We will show

that
n—1 -
n n .
= 0 otherwise

In our case, C' = Id and A is the original DFT matrix. If j = k then the claim is obvious. If
j # k then:
n—1 ] E)n

wafw;jl Zw(j R = o _1 =0

1=0
Since (w/™F)" =1 and w/=* # 1 O
3.2. DFT! as polynomial interpolation. We will notice that DFT (z) is an evaluation of
the polynomial X (z) at the points 1,w,,w?,...,w? ' This gives us that DFT ™! (y) interpolates

the coefficients of X (z), since these are set uniquely. As DFTand DFT! are inverses of each
other, the interpolation is unique.

3.3. The fourier basis. We can define a basis for the function L?([0,1],R) (the space of real
valued square integrable functions on the interval [0,1]), using the fourier basis

1 ) AT
f] = (1 w7)j,w;2j’.7w;(n71)'j)

G

if j =k
fffk{l nI=n

This basis is orthonormal, since

0 otherwise

And the DFT performs a change of bassi from the standard basis to the fourier basis.

Exercise 2. Let z = (f(0),f (35),--.,f (3})), where f(z) = sin (9 (27z)) + 3sin (2 (27z)) +
2cos (2mx), what is DFT (xz)?

Solution:

31
ik ER™
yj =yt 'S (e),)
k=0
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f(z) = sin(9(27x)) + 3sin(2(27x)) + 2cos(2mx)
6i9-27rw _ 679~27r7,'x e2~27riw _ 672~27ri13 eZﬂ'iw + 6727riz
B et el WO et o W )
24 21 2
31
. 1 1 3 3 1 1
k
Yi = I;jka] = (ej,x) = <€j, 569 7 5,679 + 5627 5,62 + 3¢ + 261>
1 1 " 3 3 n 1 n 1
= (ej,—€9— —€ —ey — —€ —e1+ e
30 5;00 T 5023 T o€ = ols0 T e+ e
1 3
ygzz.gg 923:_2%"32 y2zﬂ.32
3 1
Yso = —5; 32 y1 =332 ys1 =5 32

3.4. Circuit for FFT'. In order to compute the inverse, we need to run the network back-

wards.
a @ a+ wb

Wl
b(—é@ ——a—wb

FIGURE 3.1. An FFT ™! ciruit of size 2

We can see that this is the inverse of 2.3

4. CONVOLUTION

Given two vectors ¢ = (zg,Z1,...,Zn—1) and y = (Yo, Y1, .., Yn—1) We can define the convo-
lution as a vector of length 2n x xy = z = (20, 21, ..., 22n—1) such that for all 0 < k < 2n —1 we
have:

2L = Z Ty = inyk,i max {0,k —n} <i<min{k,n}
iti=k i

Example 3. For n = 4 we have:

Z0 = ToYo Z1 = ZoY1 + T1Yo
Z2 = ToY2 + T1Y1 + T2Yo 23 = ToY3 + T1Y2 + T2y1 + T3Yo
Z4 = T1Y3 + T2Y2 + T3Y1 Z5 = T2y3 + X3Y2

26 = T3Y3 27=10

4.1. Convolution and polynomial multiplication. Defining the polynomials
n—1 n—1
Alx) = Z a;x’ B(x) = Z brx”
=0 k=0

We will notice that their product A (x) B (x) obeys an interesting rule:
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C(z) =A(z) B (x)
= ”2_: a;x’ ("z_: bk.mk>

2n—2

= Z Z ajby |

i=0 \ j+k=i
2k—1

= E c;x’
i=0
Thus, ¢ = (c1,¢2,...,Con—1) = a*b

4.2. Cyclic convolution. Similarily to the convolution, we can define z = z ® y as the cyclic
convolution,in this case z is defined as

2 = Z Ty = Z Ty + Z TiYj
i+j=k( mod n) it+j=k i+j=n+k
Example 4. For n = 4 we have:
Z0 =ToYo + T1Y3 + T2y2 + T3Y1
Z1 =ToY1 + T1Yo + T2ys + T3y

Z2 =ToY2 + T1Y1 + T2yo + T3Y3
z3 =ToY3 + T1Y2 + T2y1 + T3Yo

4.2.1. Relationship between convolution and cyclic convolution. We can reduce the convolution
to a cyclic convolution by padding:

) —_ ) O
T = |20, 1y Tn-1,0,0,...,0 Yy =1|v,Y1, - ,Yn-1,0,0,...,0

zxy=a @1y
4.3. The convolution theorem. This theorem enables us to quickly and efficiently compute
the product of two polynomials.

Theorem 5.
r®y= DFT ' (DFT(z)- DFT(y))

Proof. We will define

n—1
XY (2) = Z Z Ty | 2
i=1 \j+h=i

as the polynomial corresponding to x ® y and show that XY (wil) =X (wfl) Y (wit) for every

Il =0,1,...,n — 1 and as a result of the interpolation theorem, we have uniqueness and the
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polynomials are equal.

n—1 n—1
X (w,li) Y (wfl) = Z xjwlj Z yrw'®
§=0 j=0

[|*
™
||M
S
?S
ES‘

=XY (w')
where * comes from the fact that w! ™9 = w! and the claim follows. O

4.4. The chirp transform. Let z be an arbitrary complex number, the chirp transform of
x € C™ with respect to z is defined as

n—1
yk:Zar:j,zjk:X(zk)7 k=0,1,...,n—1
j=0

5. POLYNOMIAL ARITHMETIC

For any two polynomials
n—1 n—1
Alx) = Z a;x’ B(z) = Z ba®
j=0 k=0

of degree < n , the coefficients of A (z) 4+ B (z) can be computed naively using n additions.
However, a naive computation of the coefficients of A (z) B (z) requires © (n?). Using the FFT
algorithm weare able to calculate the coefficients of A (x) B (x) using only © (nlogn) operations.

5.1. Karatsuba’s algorithm. For moderately large n, Karatsuba’s algorithm works better in
practice. Setting Ag, A1, By and B to be:

A(xz) = Ao (2) + 2" A1 (z)  B(x) = By (z) + "B (x)
We will define the following:

Co (z) =Ag (x) By ()
C1 (x) = (Ao (z) + A1 (2)) (Bo (z) + Bu (2))
CQ (I) :Al (I’) B1 (l’)

And as a result,
A(x)B(z) = Co (z) + 2™/2 (Cy (z) — Co (x) — Cy (x)) + 2" Cs ()

Giving us the required result more efficiently.

5.1.1. Complexity analysis. eachC; is of size § , the addtition factor is O (n). As a result, the
total complexity is
n

T(n)=3T(2

) +0(n)=TMn)=0 (n10g2 3) = 0 (n"*)
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5.2. Integer polynomial multiplication. So far, we assumed that all arithmetical operations
are exact. This is not a realistic assumption, as w,, is usually irrational. The FFT algorithm is
well-behaved numerically, meaning the errors introduced if all operations are done using floating-
point arithmetic are relatively small. In signal processing applications small errors are acceptable.

In our case, we want to add and multiply polynomials with integer coefficients and we want
an exact result. If we use use high enough precision, we can use FFT and FFT~' and round
the results obtained to the nearest integers.

This isn’t proven here but to multiply two polynomials of degree at most n with integer
coefficients of absolute value at most n, O (logn) bits of precision are enough.

6. INTEGER MULTIPLICATION -SCHONAGE-STRASSEN’S ALGORITHM

There are practical applications, e.g., cryptography, that require multiplying very large inte-
gers. The naive method for multiplying two n-bit numbers requires © (n2) bit operations. We
can use FFTs to obtain a faster integer multplication algorithm since integer multplication can
be reduced to polynomial multiplication.

6.1. Integer multiplication and FFT. The basic idea is to encode the numbers as polynomials
and evaluate them at 2, then calculate their product.

n—1
T =(Tp_1,...,T1,T0)y = Zxﬂi =X (2)
i=0

n—1
Y= (Un-1s--sy1,50)s = y_ 42" =Y (2)
=0

2n—1
T-y=2=(2m-1,--,21,20)9 = Z 22" = 7 (2)
i=0

We can easily compute this since it is just polynomial multiplication. However we aren’t done
since the z; aren’t in binary, this is OK since 0 < z; < n this isn’t a serious problem. We will
show some clever stricks to speed the algorithm.

6.2. Splitting into blocks. Assuming n = 2* (k = logn) we will split the integers z, y of length
n into n/k blocks of size k each, thus:

k=logn k k n/k—1
— ~ N ; .
€z :(mn/kflamn/kfoa s xo e = g 3312’“ =X (2")
=0

k=logn k k n/k—1
—~— — N i
Yy :(yn/k—layn/k—Ov -+ Yo )k = Z y22kz =Y (2k)
=0

and as before, compute

2n/k—1

x-y:z:(z2n/k_1,...,zl,zo)k: Z zq;Zki:Z(Qk)
i=0
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Each z; is equal to ZjH:i 2,y and since 0 < x;, yp < 3k = 3logn k =logn
2% = n we have that 0 < z; < (n/logn)n? < n®. Thus, ! = s o
each z; is at most a three digit number base n. Z £

As a result, by concatenating the z; into three long Z4 Z
integers as shown in the picture, we cna arrive at the | s 2,

result by adding these 2n-bit numbers in O (n) time. In
total, we performer two FFTs and one FEFT ! of size
n/k =n/logn.

Each input number is an integer between 0 and n — 1.
Each output number is an integer between 0 and n® —1.

FIGURE 6.1. Adding
the Zi

6.2.1. Complexity analysis. Defining M (n)as the total nummber of bit operations performed,
we have that
n n

M(n)=0 ( x M (O (logn))) = O (nM (O (logn)))

Where -2 log == is the number of arithmetical operations performed in an FFT of size
gn ogn

1
logn ©8 logn

n/logn. We can perform this recursively or we can choose to stop the recursion and perform
the multiplication naively, thus
@ (ng) O (n log? n) }

6.3. The improved algorithm. In 1971 Schonhage-Strassen showed an improved version of
the algorithm, with a running time of O (nlogn (loglogn)). This improvemnt was obtained by
performing the FFTs in an integer ring where w = 2 is a primitive root of unity.

Definition 6 (primitive root of unity). An element w is a primitive n-th root of unity in a ring
R iff:

(1) w" =1.

(2) wF#1forallk=0,1,...,n—1

For example, in C, ew isa primitive n-th root of unity, as are all e’ if i is relatively prime
to n. In R the only primitve root is —1, for n = 2.

6.3.1. Number theoretic background.
Theorem 7. Z,, is a ring for all integers m and for any prime m, Z,, is a field.

Theorem 8. If p is prime, then Z,has a generator, an element g such that g?~' =1 but gt #1
fori=23,....p—2

Lemma 9. If p is prime, nlp — 1 and k = (p — 1) /n then w = ¢~ is a primitive n-th root of
unaty.

6.3.2. FFT in prime fields.

Example 10. Multiply two integer polynomials of degree < 512.

We need to compute FFT and FFT~! with n = 1024. We would like to find a prime p such
that 1024|p — 1. We could take p = 12 - 1024 + 1 = 12,289 but then we will get the coefficents
modulo 12,289 and the output coefficients are in the range 0,1,...,10243 — 1.

In total we would like to find a prime p > 1024% such that 1024|p — 1. For example, p =
(10242 + 8) 1024 + 1 and then 5 is a generator and we can take w = 5®~1)/1024 — 381 780, 781
to be our primitive n-th root of unity.
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The problem is that this isn’t necessarily faster than working with floating point complex
numbers, even though we don’t need to worry about numerical errors. For this solution to work,
we would need to find appropriate prime numbers and generators.

6.3.3. FFT in rings. Luckily for us, DFT and FFT does not have to be a field.

Lemma 11. Let n and w be positive powers of 2. w is a primitive n-th root of unity in Z,, where
m=w"?+1.

We will notice that multiplication by w* is just a shift and taking mod m is a simple operation
since m — 1 = 2% for some a € N.

FFT performs O (nlogn) arithmetical operations. However, they are all either additions or
multiplications by w*. To compute a convolution, we only need n multiplications, other than
multiplications by w*. Break two n-bit integers into n; blocks of ns-bits each.

M (n) = O (nylogny x M (O (ns)))

Since in a computer, multiplications by w® are essentially additions, then

M (n) = O (nylogniO (n2) + niM (O (n2)))
There are many technical problems to overcome. We have to choose n; = /n rather than n; =
n/logn. The end result is an integer multiplication algorithm that performs only O (n logn (log log n)2)
bit operations.

7. STRING MATCHING

The classical problem presented here is: Given a text of length n and a pattern of length m,
to find all occurrences of the pattern in the text. The naive algorithm runs in O (mn) time. In
previous courses we learnt of algorithms that run in O (m + n).

We will present solutions for a few variants of this problem:

(1) Counting the number of matches/mismatches in each alignment of the pattern with the
text.

(2) Find all aligments with at most k mismatches.

(3) Allowing a wildcard that matches any (single) symbol in the pattern and/or text.

Traditional algorithms and techniques aren’t so efficient for these variants.

7.1. Cross-correlation. The only difference between cross-correlation and convolution is a time
reversal on one of the inputs, with a shift of indices.

2 = szyz—k = ij+kyj = (=49 s
i J

If z is of length n and y has a length of m where m < n, then k = 1 —m,...,n — 1. The
correlation of two vectors of length n can be computed in O (nlogn) time.

Exercise 12. The correlation of two vectors of length n and m, where m < n, can be computed
in O (nlogm) time.

Example 13. For n = m = 4 we have:

Z—3 = ToYy3 Z_2 = ZoY1 + T1Yo
Z_1 = XoY1 + T1y2 + T2Y3s 2o = ToYo + T1y1 + T2Y2 + T3Y3
zZ1 = 1Yo + T3Y2 + T3Y2 Z2 = T2Yo + T3Y1

22 = T3Y0
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7.1.1. Counting mismatches. Let 3 be the alphabet of the pattern and text. We may assume
that |X| < m + 1, since we only to check if it is equal to one of the characters in z or not in the
pattern.

For every a € ¥ we will create two boolean strings;

Poljl=1<Pljl=a Tfi=1<T[i]#a
The correlation of P, and T, counts mismatches involving a, by summing over all a € ¥ we get
the total number of mismatches.
Complexity: O (]3| nlogm) word operations. This is fast only if |X]| is small.

7.1.2. Counting mismatches with wildcards. Similarily to before, we will create two boolean
strings
Pljl=14Pll=a T.il=16T[]#anT[]#
Complexity: O (|X|nlogm) word operations. If we only want to find exact matches, we
can replace each character by a [log, |3|] bit string and the complexity will drop to
O (log |X| nlogm).

7.2. Ly matching. Standard string matching uses the Hamming distance. Two characters either
match or they do not. The letter a is not closer to b than to z, even though alphabetically they
are right next to each other. Suppose that each “character” is a real number. We want to find

approximate matches. For each £k =0,1,...,n —m we want to compute
m—1
2
d =Y (pj — trtj)
§=0

Complexity: We will split the above expression into seperate items

m—1 m—1 m—1 m—1

2
S i —tra) =D =2 piteri + > thyy
=0 i=0 =0 i=0

The first term can be calculated in O (m) the second is just the correlation which can
be computed in O (nlogm) and the third in O (n). Thus the total complexity for Lo
matching is O (nlogm).

7.3. Exact matches with wildcards (Clifford-Clifford). Replace each character by a posi-
tive integer. Replace the wildcard by 0. For each k € [n — m] compute

m—1

2

dy = Z pititj (pj — thtj)
=0

There is an exact match at position k iff dx = 0.
Complexity: As before, we will split the above expression into seperate items

m—1 m—1 m—1 m—1
2 3 2,2 3
di =Y pitres (0 —the)? = D Piter; —2 > PHE+ D pithy
§=0 §=0 §=0 §=0

We can compute the three correlations in O (mlogn), giving us a running time imde-
pendent of |X|.
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